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ABSTRACT: To date, polymer solution theories have failed to describe quantitatively the effect of polymer 
chain branching on liquid-liquid phase relationships in solution. In an attempt to  improve the situation we 
have adapted lattice treatments to incorporate this phenomenon. A branched polymer molecule has been 
presented as a chain, composed of end, linear middle, and branched middle segments, each interacting through 
a specific surface area with the immediately surrounding molecules or segments. The expression obtained 
for the energy of mixing contains five parameters. They deal respectively with the degree of branching, the 
average length of the side chain, the interaction energy and its concentration, and temperature dependence. 
The values of the parameters have been obtained for polyethylene/diphenyl ether at ambient pressure by 
fitting the spinodal expression and the critical condition to over 100 experimental spinodal points and critical 
data on 35 polymer samples. The model describes spinodal, critical, and cloud-point data within experimental 
error over practically the full measured concentration range. Phase compositions, however, could only be 
reproduced qualitatively. One of the parameters in the proposed free energy expression offers a means of 
distinguishing between various low-density polyethylene samples with respect to the average length of the 
short side branches 

Branching of polymer chains plays an important role in 
liquid-liquid phase equilibria in polymer solutions and 
influences quantities like separation temperature and/or 
separation pressure of a polymer solution. I t  was shown 
previously for the system polyethylene j diphenyl ether that 
the two-phase region of a branched polyethylene solution 
may be shifted by more than 10 “ C  compared with that 
of a linear polyethylene sample of about equal number and 
mass average molar mass1 (Figure 1). That  paper also 
suggested an approach for dealing with the observed phase 
behavior in terms of a molecular model and showed that 
the most primitive treatment already leads to complicated 
expressions for the free enthalpy (Gibbs free energy) of 
mixing. This treatment is further explored here. 

Several methods for the determination of the degree of 
branching in, e.g., polyethylene are available, but until now 
very few detailed descriptions of the effect of chain 
branching on thermodynamic properties have been given. 
Most work on branching has been done on its effect on the 
dimensions of the polymer molecule in s ~ l u t i o n . ~ - ~  How- 
ever, such considerations do not allow a calculation of the 
chain-branching effect on the demixing behavior. 

Kennedy et  aL5 generalized the Flory-Huggins free en- 
thalpy of mixing expression to solutions of branched 
polymers, assigning different interaction energies to sol- 
vent-end-segment and solvent-middle-segment contacts. 
Through lack of experimental information, these authors 
were not able to calculate values for the interaction pa- 
rameters. 

Nakano6 measured cloud-point curves for solutions of 
branched polyethylene in diphenyl ether. Using the 
Shultz-Flory a p p r ~ a c h , ~  he calculated the 8 temperature 
of the system. Instead of plotting the reciprocal liquid- 
liquid critical temperature against MW-l/* ( M ,  = mass 
average molar mass), he used the maximum cloud-point 
temperature vs. the reciprocal intrinsic viscosity ([v]-I) .  
Using polyethylene samples with narrow molar-mass dis- 
tributions, Nakano showed the 8 temperatures obtained 
from the intercept at  [ q ]  = 0 to be equal for linear and 
branched polyethylene in diphenyl ether. From this he 

*Dedicated to professor Walter H. Stockmayer on the occasion of 
his 65th birthday. 
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concluded that this system could be described quantita- 
tively with an interaction parameter proportional to the 
long-chain-branching index g7 (9, = the ratio of the in- 
trinsic viscosities a t  the 8 temperature of branched and 
linear polyethylene with equal molar-mass distribution). 

However, using intrinsic-viscosity measurements as ex- 
perimental information, one can hardly expect to detect 
any influence of short side chains, which are known to 
constitute the larger part of the side branches in low- 
density polyethylene.8 Therefore, the present model aims 
a t  incorporation of the lengths of side chains in the de- 
scription of the thermodynamic behavior of polymer so- 
lutions. 

Model for a Solution of a Branched Polymer 
A branched polymer chain is taken to be composed of 

end, linear middle, and branched middle segments (Figure 
2 ) .  Since polydisperse polymers are to be treated here, 
the polymer sample is supposed to consist of chains labeled 
i, differing in the number of segments m,. 

Let a fraction 6 of the total number of the m, segments 
of a chain i be branched middle segments, then the number 
of these segments per chain is V ,  = 6m,. One or two side 
chains may originate from a branched middle segment; if 
there are two, they would generally differ in length. 

Even a t  constant 6 and m,, the shape of branched 
polymer chains may be quite different; Figure 2 illustrates 
this. Depending on the length of the side chain, its end 
segments will be more or less influenced by the main chain. 
The shorter the side branch the less pronounced the 
specificity of the interaction of the end segment will be. 
To  deal with this effect, a parameter c is introduced in the 
model, standing for the average “effectivity” of the end 
segments. 

The parameter t will reflect overall effects of a side 
chain. There are as many side chains as end groups, and 
it will not be possible theoretically to break down the 
overall effect into contributions from individual units in 
the side chain. For very short side chains, the effectivity 
will be much less than unity (0 < c << 1; Figure 2a). With 
growing side-chain length, the effectivity of the end seg- 
ment will rapidly go to unity and remain constant from 
thereon ( e  = 1; Figure 2b). The total e f fec t i ve  number of 
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Figure 1. Cloud-point curves in diphenyl ether of linear and 
branched polyethylene of about equal number- and mass-average 
molar mass. 

a 

Figure 2. Illustration of several types of branched polymer chains, 
equal in number of segments (m,) and number of branch points 
(am,) but differing in length of side chains ( e ,  see text) and 
functionality of branch points: chain a, 0 < t << 1; chain b, t = 
1; chain c, e = 2. 

end segments per chain i is thus: 2 + tu , .  If two side 
branches originate from a branched middle segment the 
value of t  will be between 0 and 2 for such branched middle 
segments (Figure 2c). 

To make the model somewhat more general, we divide 
the solvent molecule into so segments. The number of 
segments m, per chain can be calculated from 

m, = cs&, (1) 

Macromolecules 

where c = up/u&lo, up and uo are the specific volumes of 
the solvent and the polymer in solution, and M o  and M ,  
are the molar masses of solvent and polymer species i, 
respectively. In the following calculations, average values 
of m will arise, viz., the number (m"), mass ( m J ,  and z (m,) 
averages, defined in the usual way. 

For the numbers of the various kinds of segments in the 
system we have 

N ,  = noso 
( 2 )  N, = (Cn,m, )  - (Nb + Ne)  = &,jm, - 2 - u , ( l  + e)! 

where N,  is the number of solvent segments, Ne is the 
effective number of end segments, Nb is the ncmber of 
branched middle segments, N ,  is the number of linear 
middle segments, and no and n, are the numbers of solvent 
and of polymer molecules i, respectively. 

Gibbs Free  Energy of Mixing 
The interaction energy belonging to a contact of a pair 

of segments depends on their nature. One can account for 
this by giving each kind of contact a specific interaction 
energy. It was suggested long ago by Stavermang and has 
been shown clearly in the newer work of Hugginslo and 
Flory" that the contact surface area of interacting seg- 
ments plays an important role. Instead of having a fixed 
number of interacting neighbors (Le., the lattice coordi- 
nation number) each segment is given an interacting 
surface area u.12J3 The energy involved in a contact is now 
calculated by multiplying the contact surface area with the 
interaction energy per unit contact surface area. A similar 
improvement has been suggested by Ro~linson '~" and by 
K a r ~ i g . ' ~ ~  

Substituting the number of intermolecular contacts of 
a segment j by its specific contact surface area a,, we obtain 
for the total interacting surface areas No, N1, N,, and N3 
of the various types of segments: 

No sono uo = uopfl, ( 3 4  

Ne = Cn,(2 + tu,)  Nb = Cn,u, 

N ,  E a1Cn,(2 + t u , )  (€6 + 2m,-')alpN, (3b) 

N2 azCrz,{m, - 2 - u , ( l  + t ) !  = 
{l - a ( l  + t )  - 2mn3u2pN, (3c) 

N3 u3CnIu, = 6u3pN, (3d) 

2rn;l) + a38)] (3e) 

where uo, u,, a2, and u3 are the specific contact surface areas 
of solvent (0), end (l), linear middle ( 2 ) ,  and branched 
middle segments (31, respectively, and N, = no + Cn,m,. 
Thus we find 

u = U l ( t 6  + 2772,') + u2(1 - 6 ( 1  + t )  - 2m;') + 036 (3f) 

for the mean contact surface area of a whole chain. 
Within the model the concentrations of solvent and 

whole polymer are represented by volume fractions defined 
by 

We rewrite N, = N(pouo + pa) = (1 - y u ) ~ , $ ~  and thus 
define an important parameter y: 

7 = 1 - (u/oo) = 1 - p (4) 

Application of the random distribution assumption 
(strictly regular solution modelI5) leads to the following 
expression for the numbers Plk of contact pairs in the 
mixture 

N = N+[pouo + &rl(t6 + 2 m 3  + uz(1 - 6 - 6 t  - 

PO = noso/N;; = (Cnlm,)/Avq (3g) 



Vol. 13, No. 2, March-April 1980 

P,k = N18k (for J # k); and PI] = '/ZN18, ( 5 )  

where d k  = Nk/N.  
The en tha lpy  of mixing am,, is defined as the to t a l  

change  in in te rac t ion  energy caused  by a change  in the 
numbers of contact pairs upon mixing no solvent molecules 
wi th  Cn, polymer chains.  Denot ing  t h e  numbers  of con- 
t a c t  pa i r s  in the cons t i tuents  b y  P o l k  we f ind  
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such, all methods are based on the determination of derivatives 
of AG, e.g., with respect to concentration. Usually interaction 
parameters are optimized by fitting expressions for such deriv- 
atives to a set of experimental data on a series of well-characterized 
polymer samples. 

In this work three types of data are used, viz., liquid-liquid 
critical points, spinodal points, and phase compositions after phase 
separation, The adopted procedure consists of a fitting of spinodal 
and critical points to free enthalpy expression 11 and a subsequent 
prediction of liquid-liquid phase relationships. 

1. Spinodal  Points.  According to Gibbs,ZO the spinodal 
condition (or limit of thermodynamic stability) for a liquid 
multicomponent system is given by 

(12) 

where cp, and cp, stand for the independent concentration variables, 
in this case the volume fractions of all polymer species present. 

J,, = la2AG/a P, a cp,lp,r = 0 

Application of eq 12 to eq 11 yieldsZ1 

(l/cp,,.soso) + (l /pmw) - 2(1 - r)2(1 - r~)-~g,,(T) = 0 (13) 

an expression for the spinodal that relates experimentally ac- 
cessible quantities (a, cp, m,, r )  to the set of interaction param- 
eters (7, go,(T)) or ( P I ,  PZ,  ~ 3 ,  gl, gd. The cp, dependence of 7 ,  
expressed in eq 10 by the term 2/m,, was neglected in the de- 
rivation. It can be shown that this simplification has no significant 
influence on the values of the parameters. 

Determination of the spinodal temperature for a given con- 
centration is a method that has come to the fore in recent years. 
Based upon well-established considerations about the origin of 
light scattering by homogeneous liquid mixtures,22-25 the method 
relates the reciprocal light intensity I(0) scattered at  zero scattering 
angle to the determinant defined in eq 12 in direct proportionality. 
Therefore, upon reaching the spinodal temperature, I ( 0 )  will 
diverge and a plot of vs. T can be used to  locate the spinodal 
temperature by extrapolation. 

This principle has been successfully applied by various authors 
(see ref 26 and 27) ,  and we have employed it here in the variant 
developed in recent years by Gordon et aLW3O The latter method, 
called Pulse Induced Critical Scattering (PICS), makes use of the 
short supercooling demixing polymer solutions usually allow before 
separating into two liquid phases. By application of thermal 
cooling pulses, followed by heating steps up to  the one-phase 
region, meta-stable one-phase states can be realized long enough 
for scattering intensity readings to be taken. The PICS technique 
allows a closer approach to the spinodal than the conventional 
static method. 

For convenience the intensity is measured at  two fixed angles 
only (30 and 90"); usually we measured at 30". It has been checked 
with the system polystyrene/cyclohexane that the spinodal tem- 
peratures determined in this way are consistent with those ob- 
tained by the conventional procedure.31 Figure 3 shows some 
representative PICS results on the system polyethylene/diphenyl 
ether at stated overall polymer concentrations (close to the critical, 
9.3 wt 70) and their extrapolation to the spinodal temperature. 
The values obtained can be seen to be quite accurate (f0.1 "C). 

2. Liquid-Liquid Crit ical  Point. GibbsZ0 also formulated 
a condition for the liquid-liquid critical state which, applied to 
eq 11, yieldsz1 

( l / s o p o ~ )  - (mr/mw2pc2) - 6r(l - - ~ ) ~ ( 1  - -r~c)-4g0p(T) = 0 (14) 

where pc (=I  - pot) is the critical whole-polymer concentration. 
The exact position of a critical point on the cloud-point curve 

can be simply and accurately located by measurement of the 
phase-volume ratio for a given concentration as a function of 
t e m p e r a t ~ r e . ~ ~ ~ ~ ~  

3. Analysis of the Phases.  One of the oldest methods for 
gaining thermodynamic information on partially miscible systems 
is the analysis of the phases after a liquid-liquid separation. With 
polymer solutions, this situation is complicated by the unavoidable 
fractionation which causes the polymer fractions to differ in 
molar-mass distribution. Consequently, the full characterization 
of the phases has always been a tedious until the advent 
of gel permeation chromatography which made the determination 
of molar-mass distributions almost a routine matter for linear 
polymers. 

where wlk is the interaction energy involved per un i t  con- 
tact area of segments j and k. Combination of eq 3 , 5 ,  and 
6 yields 

AEmix/RTNp = gpoq ( 7 )  

where g is def ined  by  

RTg = (1 - yp)-'[(6t + 2 m ~ ' ) a l A w o l  + 11 - 6 ( 1  + t )  - 
2mn-'Ja2Awoz + 6 c 3 h 0 3  - olozu-l{l - 6(1 + E) - 2m;') X 

(st + 2 m ; ' ) ~ w ~ ~  - ula3a-(6t + 2mn-')6Aw13 - 
C T ~ U ~ K ~ { ~  - 6(1  + t )  - 2mn-'}6h23] (8) 

and AW,k = Wlk - ' / 2 ( W ! ,  + Wkk). 
Within the model  t h i s  is a very genera l  expression for 

Umix, and i t  conta ins  ten sys tem-dependent  adaptable 
parameters, viz., go, ul, a2, and a3 and Awol, AwO2, AwO3, 
Aw12, Aw13, and W 2 3 .  T h e  s i tua t ion  shows a complexity 
comparable t o  that which resulted f rom the considerations 
of K e n n e d y  e t  ala5 However,  wi thout  serious loss of gen- 
erality, one could considerably simplify the equation taking 
the interaction energy per unit contact surface area for all 
kinds of polymer  segments  wi th  respec t  to solvent seg- 
ments to be equa l  (Awol Awo2 Aw03 Awop). Again, 
i t  would then seem logical t o  neglect the in te rac t ion  en-  
ergies between the various segments i n  t h e  polymer (AwlZ 
= 0,  Awl3 = 0, and Aw2? = 0). 

After these  two simplifying assumpt ions ,  eq 8 reduces 
to 

RTg = O A W ~ , / ( ~  - YP) = ao(1 - Y ) A u ~ ~ / ( ~  - YP) (9) 

and eq 7 to 

AEmix/N$T = gop(l  - Y ) ( F o P / ( ~  - Y(F) ( 9 4  

where go, = aoAwop/ RT. With the abbreviation Pk = ah/ go, 

the expression for y (eq 4) c a n  be changed  in to  

Y = 1 - P2 - (P3 - Pz)6 - (PI - & ) ( E 6  + 2 m n 3  (10) 

In te rac t ion  parameters usually show an at least approxi- 
ma te ly  linear dependence  on reciprocal absolute temper-  
atureI6 (go, = g ,  + g 2 / T )  so that we  finally r e t a in  five 
adaptable pa rame te r s ,  viz., pl ,  p2, p3, g,, and g,. 

Following the usua l  procedure ,  we can  now formula te  
the free entha lpy  of mixing AG adding  appropr ia te  terms 
for the combinatorial  en t ropy  of random mixing t o  eq 9a. 
We choose t h e  la t t ice  expression devised independent ly  
b y  Flory,17 Huggins,l8 and S tave rman  and van  San ten lg  
and ob ta in  

AG/N$T = %so-1 In qo + &m,-' In pi + 
gop(l  - Y)VOP/(1 - Ycp) (11) 

Experimental Methods 
To obtain the parameters in free enthalpy of mixing expressions 

for polymer solutions, several techniques have been developed 
for both very dilute polymer solutions and for concentrated 
polymer systems. Since there is no way of determining AG as 
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Figure 3. Experimental PICS intensity measurements a t  scat- 
tering angle 30' (130) extrapolated to the spinodal temperature 
for indicated polymer concentrations of sample 2 (in mass percent) 
in diphenyl ether. 

We did carry out such an analysis, augmented by on-line 
viscometry and low-angle laser light scattering to detect and 
determine long-chain branching, but defer a detailed analysis to 
a later paper. Here we only use the whole polymer concentrations 
of the phases which can be plotted in a quasibinary phase diagram 
showing the dependence of the location of coexistence curves on 
the whole polymer concentration of the s y ~ t e r n . ~ ~ ~ ~ ~  

Such diagrams can also be calculated from a suitable free 
enthalpy of mixing function, which amounts to equating the values 
of the chemical potentials of each component in the two phases. 
For systems obeying the AG function 11 the chemical potential 
differences Apk between the dissolved and the pure component 
liquid state read 

for solvent and polymer species i, respectively. A numerical 
procedure for dealing with such equations has been outlined 
elsewhere.40 

The analysis of the phases has been carried out as follows. 
Overall polymer concentration and separation temperature are 
chosen in such a way that one obtains a phase-volume ratio 
between 0.1 and 10. Polymer and solvent are weighed into a glass 
tube which is sealed under vacuum while the system is frozen in 
liquid nitrogen. The mixture is homogenized by vibrating the 
tube a t  a temperature above the cloud point and, while vibrating 
the system, it is cooled down t o  the desired separation temper- 
ature. The vibrator is stopped after 10 min and the phases are 

Table I 
Molecular Characterization of the  Polyethylene Samples 

D, 
sample M n ,  end groups/ 

no. kg/mol M ,  M, 1ooc 
1 23 
2 11 
3 8.5 
4 18 
5 1 4  
6 64 
7 34 
8 6 5  
9 1 2  

10 92 
11 8.6 
1 2  8 
13 7.9 
1 4  200 
1 5  1 5  
16 1 9  
17  38 
18 34 
19 17  
20 38  
21 1 9  
22 24 
23  27 
24 29 
25 7 
26 8.4 
27 19 
28 30 
29 25 
30 35 
3 1  29 
32 31  
33  24 
IUPACB 25 
HPBD 48 

247 
1 6 0  

70 
4 5  
70  

345  
230 
420 
150 
1 4 0  

5 5  
177  

89  
680 

27.5 
36 

550 
150 
274 
640 
229 
470 
420 
219 

54 
32 
8 4  

525  
385 
375 
165 
800 
1 2 3  
600 

52 

2000 
1800 

660 
490 
550 

2900 
1650 
2900 

900 
270 
300 
990 
730 

99 
126  

286 

2.36 
2.34 
2.48 
2.29 
2.21 
2.33 
2.30 
2.23 
linear 
linear 
linear 
linear 
linear 
linear 
linear 
linear 
linear 
linear 
1.80 
2.41 
1.20 
0.75 
1.38 
1 .46  
5.18 
5.26 
1.42 
2.21 
2.31 
2.18 
2.25 
2.45 
2.83 
1.63 
2.05 

allowed to segregate. After this process is complete, the phase- 
volume ratio is measured and the system quenched in liquid 
nitrogen. Both phases solidify without appreciable change in 
composition, and they can easily be separated by breaking the 
solid mixture along the original liquid-liquid phase boundary.3s 

The System Polyethylene/Diphenyl Ether 
To check whether the Gibbs free energy relation derived 

above (eq 11) is capable of describing ac tua l  polymer so- 
lution behavior, polyethylene is chosen as a model polymer 
wi th  branched  chains. Characterization techniques  for 
molar-mass distribution and end-group concentration have 
been well developed for this polymer.39 As there is a broad 
variety of polyethylene types  being manufac tured  nowa- 
days,  i t  is not too  difficult to obta in  samples  differing 
widely i n  degree of branching. 

Diphenyl ether is known as a 8 solvent for polyethylene, 
with a 8 t empera ture  far enough above t h e  crystallization 
t empera tu re  of polyethylene in  solution to allow mea- 
su remen t s  of liquid-liquid phase equilibria including 
critical po in ts  on  a range  of molar masses. 

T h e  characterization data on  t h e  samples used are given 
in  Tab le  I, where D stands for t h e  mean  number  of e n d  
groups per  100 carbon atoms in the polymer chain.  Liq- 
uid-liquid critical points, measured with the  phase-volume 
rat io  method,  are listed in  Table I1 and a r e  expressed as 
volume fractions calculated from mass  fractions and den- 
sities assuming ideal volume mixing. 

Spinodal  tempera tures  determined by  P I C S  were mea- 
sured  on four samples  (samples l, 2, 5 ,  a n d  7 in  Tab le  I). 
In all cases the reciprocal of the scattering intensity at 30' 
proved to be  linear in  temperature (examples in  Figure 3). 
Only  at t empera tu res  close t o  the sp inodal  m a y  phase 
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Table I11 
Experimental r Value of Diphenyl Ether/Polyethylene 

(Sample 1) and Phase Compositions a t  Several 
Temperatures and Overall Polymer Concentrations 

(Expressed in Mass Percent; Estimated Uncertainty 0.2%) 

Table I1 
Critical Concentrations and Temperatures in Diphenyl 

Ether for the Samples of Table I 
sample sample 

no. P c  Tc, K no. Pc Tc, K 
1 0.083 409.0 19  0.084 409.2 
2 0.113 402.4 20 0.0695 409.8 
3 0.188 387.0 21 0.084 410.2 
4 0.115 399.0 22 0.086 410.6 
5 0 .10  403.6 23 0.085 409.9 
6 0 .061  413.1 24 0.075 412.3 
7 0.068 411.3 25 0.139 385.4 
8 0.050 415.3 26 0.133 384.7 
ga 0.082 416.2 27 0.089 408.1 

l o a  0.050 421.9 28 0.074 411.4 
lla 0.097 410.1 29 0.084 408.4 
1 2  0.076 417.8 30 0.067 412.6 
1 3  0.106 411.2 31  0.074 410.0 
1 4  0.030 427.8 32 0.075 410.9 
1 5  0.099 405.0 33  0.121 396.7 
1 6  0.116 406.6 IUPAC 0.084 408.8 
1 7  0.0667 419.5 HPBD 0.0592 411.2 
18 0.0556 420.6 

a Reported in ref 32. 

separation (demixing) occur before thermal equilibrium 
is reached and the relevant scattering data are discarded. 
The probable error in the spinodal temperatures will be 
0.1-0.2 " C  for these highly polydisperse systems a t  rela- 
tively high temperature. The accuracy of the overall 
polymer concentration, expressed as volume fraction, is 
estimated to be f0.002; errors arise mainly from evapo- 
ration because polyethylene solutions had to be injected 
into PICS capillaries a t  160 "C in order to prevent phase 
separation during the filling. 

Phase separations followed by complete analysis of the 
phases were carried out with sample 1. Establishment of 
complete separation, determined by accurate measure- 
ments of the phase volumes, was reached in 2 days. After 
allowing an extra day of separation time, the system was 
analyzed as described above and in ref 38. Separation 
temperature and overd  polymer concentration were varied 
to check their influence on the miscibility relations; Table 
I11 lists the results. 

In te rac t ion  Parameters  for  
Polyethylene/Diphenyl Ether  

Writing the critical condition (eq 14) as 

Y E {(l/sO~oO,2) - ( m z / m , 2 ~ c 2 ) ! / 6  = 
~ ( 1  - y)2(1 - Y P ~ ) - ~ ~ ~ ~  (17) 

and the spinodal expression (eq 13) as 

X l ( l / so~o)  + ( 1 / r n W d l / 2  = (1 - rI2(1 - r ~ ) - ~ g , ,  
(18) 

we deduce two relations between experimentally accessible 
quantities and adjustable parameters. Since the critical 
point is also a spinodal point, both relations must hold for 
the critical data. Combination of eq 17 and 18 leads to 
an  expression for y that  contains only experimental 
quantities 

(19) 

Details of the fitting procedure have been reported else- 
w h e r e , ' ~ ~ ~  and we shall therefore only give an outline here 
and note some general problems. 

In principle, eq 19 can be used to calculate the y value 
for each sample from its critical concentration pc and m, 
and m, values. Because the latter quantity in particular 

Y = Y / ( X  + PCU 

132.0 
133.0 
134.0 
135.0 
136.0 
137.0 
138.0 
132.0 
133.0 
134.0 
135.0 
136.0 
132.0 
133.0 
134.0 
135.0 
135.0 
140.0 

^7 B 

I t  

overall r 
concn value 
3.994 4.564 
3.979 4.578 
4.013 4.583 
4.074 4.507 
3.995 4.653 
3.977 5.162 
3.994 6.142 
5.990 2.208 
5.986 2.1.54 
5.983 2.155 
5.970 1.877 
5.990 1.820 
7.009 1.508 
7.010 1 .440  
6.985 1.397 
6.945 0.887 
1 .001  29.6 
1.00 < 4 0  

phase concn 
concnd dilute 

13.7 2.2 
11.9 2.1 
11.7 2.5 
12.3 2.6 
10.3 2.9 

9.2 2.9 
8 .1  3.3 

12.6 3.0 
11.5 3.4 
11 .4  3.0 
10 .4  3.9 

9.7 4.0 
10.7 3.5 
10.7 3.7 
10.7 3.9 

9.2 4.6 
12.5 0.88 

0.89 

I 
I I I 

2 35 2 LO 2 4, 

Figure 4. Temperature dependence of the interaction parameter 
gop obtained from a least-squares fit of the critical points of the 
linear polyethylene samples in diphenyl ether, described by go, 

is subject to considerable experimental uncertainty, great 
precision cannot be reached in this way. Apart from that, 
there is the basic problem of the form of eq 10 which 
relates y to molecular parameters. If the latter were 
known, eq 10 could be fitted to the above mentioned set 
of y values. For 6 we have 

(20) 

where D is the number of end groups per 100 carbon at- 
oms; m, does not pose a problem either. Compared with 
the polyethylene segments, the diphenyl ether molecules 
are rather bulky. To account for this we arbitrarily set so 
= 2. 

However, there is no way to obtain independent infor- 
mation on 6 that the authors are aware of and hence de- 
termination of the surface-area ratio pi is not feasible in 
this manner. An additional assumption must be made 
referring to either E or p3, since these parameters cannot 
be separated in an optimization involving eq 10 or 17 and 
18. We have chosen t ,  thus obtaining the better fits, and 
consider t as a relative quantity of which we know a t  least 
that  its value must lie between 0 and 2.  

To avoid uncertainties due to y as much as possible, we 
first analyze the data on linear samples. For these 6 = 0, 
and the concentration of end groups is small. The y values 
calculated with eq 19 can be represented by y = 0.11 + 
mn-' and are introduced into eq 18, which yields g,,(T). 
Figure 4 shows that the usual linear dependence on T1 
is well obeyed (temperature range about 25 Centigrade 
degrees). I t  is possible to check on the gl and g, values 
of -0.309 and 271, thus obtained, by comparing the Flory 

= -0.309 + 271/T. 

6 = (D/1400cs0) - (2/m,) 
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0 temperature they imply with literature values. The 0 
state can be defined either by a zero value of the osmotic 
second virial coefficient, implicitely defined by eq 15, or 
by setting cp, = 0 and m, = 03 in the spinodal eq 18. Either 
procedure yields 

(21) 

which, for so = 2 and ym=m = 0.11, leads to 8 = 160.8 "C. 
Literature6*32v41p42 cites values of 160.3, 161.7, 164.2, and 
161.5 "C, and we consider the g, and g, values obtained 
here to be satisfactorily consistent with them. 

As explained above, a reference value must be chosen 
for E to deal with the branched samples. We selected 
IUPAC LDPE sample B for the purpose and arbitrarily 
set t = 1 for this standard material. A value o f t  deviating 
from 1 will indicate that, within the scope of the model, 
the relevant sample has on the average shorter or longer 
"short-chain" branches than the reference polymer. In 
order to carry out an optimization we need more data and 
turn to  samples 1 (whole polymer) and 2 to 8 (fractions 
prepared from it). Spinodal points having been deter- 
mined for samples 1, 2, 5, and 7, they can be added, and 
the y values derived from eq 18 (with the gl and g, values 
from the linear-sample data) can be optimized to eq 10 
written as 

(22) 

provided t values are introduced for every single sample. 
In the present model of a polymer chain the effectivity 

t of an end segment is taken independent of the length of 
the main chain. Since samples 2 to 8 were obtained by a 
liquid-liquid fractionation of sample 140 it seems reason- 
able to assign the same value of t to samples 1 to 8. In 
other words, the fractionation is assumed to have operated 
via molar mass only. 

The best description of the critical data of samples 1-18 
and IUPAC LDPE standard B (with t = 1) as well as the 
spinodal data on samples 1, 2, 5, and 7 proved to be ob- 
tained setting t = 0.86 for samples 1-8. We then find C1 

f 0.0629. Spinodals calculated with this set of values are 
shown in Figure 5 to be in fair agreement with the mea- 
sured points. 

Parameters obtained by an optimization procedure are 
often heavily correlated, and it is difficult to give them 
individually a precise physical interpretation. Neverthe- 
less, one could calculate the contact surfacearea ratio from 
the coefficients in eq 22 and see whether the results are 
within the tolerances imposed by the model. If we set the 
contact surface area of a solvent segment equal to unity, 
we obtain ul = 0.2 (end segments), u, = 0.9 (linear middle 
segments), and u3 = 1.2 (branched middle segments), 
values within the order of magnitude one would estimate. 

At low polymer concentration calculated and experi- 
mental spinodals deviate. Such an effect was found earlier 
for the system polystyrene/cyclohexane and could be at- 
tributed to the non-uniform segment density in solutions 
a t  concentrations where there is little overlap of polymer 
coils.31~38~44 Although moderate success has been achieved 
in the development of a free enthalpy function describing 
both dilute and concentrated regimes, a full quantitative 
treatment for linear chains is still lacking at this time. We 
have to leave the problem here merely noting that 
branched chains evidently give rise to a similar situation. 

So far we have achieved nothing but a not too elegant 
curve fitting of data on the basis of a highly simplified 
model and additional assumptions. Further justification 
is obviously needed and could be given by checking the 

g O p w 1  - ym=-)2 = (1/2s0) 

y = C, + C26 + C3(d + 2m,-') 

= 0.1118 f 0.0009, C2 = 4.3965 f 0.0546, and C3 = 0.6740 

Macromolecules 

Q05 - p '0.1 

130 

I2O t 
i I I 
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Figure 5.  Comparison of experimental (0 ,  0) and calculated 
spinodals for indicated samples in diphenyl ether; (-) calculated 
with the parameters from a fit of all spinodal points and 18 critical 
points (see text). 

predictive value of the equations obtained. To  this end 
we compare in the next section calculated and measured 
phase relationships. 

Some practical value adheres to the outlined procedure, 
however. All parameters except t having been determined 
one can now use the critical or a spinodal point to estimate 
t for an arbitrary sample of polyethylene and refer the 
average length of its short side chains to that of the 
standard material. We did so with samples 19-33 and 
found t values ranging from 0.84 to 1.32 (Table IV). 
Within the scope of the model one might conclude that 
the average numbers and the average overall lengths of the 
short side chains may differ appreciably. Samples with 
a large relative number of short side chains show a small 
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Table IV 
E Values Calculated from the Experimental Critical 

Points with Eq 18= 
sample sample 

no. E no. E 

19 0.888 28 0.850 
20 0.897 29 0.855 
21  0.992 30 0.837 
22 1.315 31  0.836 
23 0.997 32 0.838 
24 0.888 33 0.939 

HPBD 0.685 
25 0.840 
26 0.832 
27 0.876 

For the interaction parameters in 7 ,  the values 
obtained from the fit of all spinodal points were used. 

value of E ,  Values of E exceeding unity may be interpreted 
as indicating the presence of tetrafunctional branched 
middle segments. 

NMR analyses of branched polyethylene have revealed 
that there is a distribution of short side-chain lengths 
ranging from ethyl to amyl groups8 Very long branches 
also exist as is clearly indicated by intrinsic viscosity vs. 
molar mass plots. The present method can only indicate 
the average length of the branches and may find a useful 
practical application in allowing relative comparisons be- 
tween the samples in sets of low-density polyethylenes. 

To  verify the reliability of the procedure in this respect 
we checked whether a polyethylene sample with known 
very short side branch structure would indeed arise from 
the analysis with a small value for E .  A sample of poly- 
ethylene having ethyl side chains only can be prepared by 
hydrogenation of anionically polymerized butadiene.43 The 
main process of 1-4 addition is accompanied by some 1-2 
addition which, upon hydrogenation of the product, leads 
to a polyethylene chain carrying ethyl branches. Sample 
HPBD has been prepared in this way and indeed shows 
the lowest t value found so far (Table IV). 

Measured and Predicted Phase Diagrams 
A two-dimensional phase diagram for a polydisperse 

polymer solution shows various curves.32 We have the 
cloud-point curve obtainable by extrapolation of phase- 
volume ratios at various whole-polymer concentrations to 
either zero or infinity, depending on whether the overall 
polymer concentration is larger or smaller than the critical 
one. A less elaborate way is the direct turbidimetric de- 
termination of the cloud point for a given concen t r a t i~n .~~  

Every overall concentration corresponds with a coex- 
istence curve composed of two branches representing the 
overall concentrations of the two phases as a function of 
the separation temperature. Only for monodisperse 
polymer samples are all coexistence curves bound to co- 
incide and be identical with the cloud-point curve. 

Coexistence curves can be obtained experimentally from 
a series of phase separations a t  constant overall polymer 
concentration, followed by analysis of the phases (see 
above). Sample 1 was selected for the comparison and 
subjected to such a series of separations in diphenyl ether. 
Table I11 lists the data collected; Figure 6 shows the ex- 
perimental phase diagram. 

To check the consistency of the present treatment we 
calculate the phase diagram for sample 1, using the values 
for 6 and E given above and the absolute molar mass dis- 
tribution obtained by gel permeation chromatography 
combined with on-line low-angle laser light scattering. The 
distribution was approximated by a set of 25 6 functions 
shown in Figure 7. The critical point was calculated with 
eq 20 and the phase equilibria with eq 15 and 16 (set of 

v (~=0 .0124  
o P=00491 

P-00733 
A 9 - 0 0 8 7 5  

Figure 6. Experimental phase diagram of sample 1 in diphenyl 
ether: (- - -) coexistence curves for indicated overall polymer 
volume fractions; (-0 -1 cloud-point curve from the Turbidimeter; 
(0)  critical point. 

w 

A 

5 10 

Figure 7. Representation of the molar mass distribution of 
sample 1 (- - -1, by a series of delta functions, used in the calculation 
of Figure 8. 

26 equations). Figure 8 shows the calculated phase dia- 
gram which proves to agree quite well with the experi- 
mental one. 

Discussion 
A closer scrutiny of Figures 6 and 8 reveals that  there 

are small but significant differences in the phase concen- 
trations. This might be attributed to the dilute-solution 
effects mentioned before, and a further study of the 
phenomenon is obviously needed in order to achieve 
quantitative agreement. On the whole, however, we con- 
sider the proposed model a useful one, not only because 
of the semiquantitative agreement between the phase 
diagrams, but also because the shift of the e value, expected 
for the HDPB sample on physical grounds, is correctly 
produced. 

The model necessarily leads to a complex free enthalpy 
equation because the system is complicated. The utmost 
simplification still leaves us with five adjustable parameters 
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branches get longer, as was implicitely postulated for e ,  
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for the determination of which over 100 spinodal points 
and 18 critical points were used. This represents an 
amount of work which detracts from the applicability of 
the procedure. 

Apart from the dilute-solution effect there are other 
problems still to deal with. Combination of eq 10 and 21 
yields 

g,,(e)[1- 11 - P z  - ( P 3  - P2)6  - (P1 - P 2 ) 4 1  = (1/2s,) 
(23) 

which implies that the model predicts a dependence of the 
Flory temperature on the number and effective length of 
the short side chains. This suggested effect does not 
necessarily contradict Nakano’s conclusion that the 8 
temperature is independent of long-chain branching.6 
Nakano’s data are well represented for linear and branched 
polyethylenes alike by a single Shultz-Flory plot provided 
the usual abcissa (mw-l/z) is replaced by [VI-’. It  is hard 
to conceive a theoretical foundation for this, but the pro- 
cedure evidently works well. Measurements of second 
virial coefficients as a function of temperature will be 
needed to clarify the situation. 

The distribution coefficient of each species as a function 
of molar mass can be deduced from the data available now. 
We postpone dealing with this information also, because 
in this respect even linear chains have so far escaped 
quantitative treatment. 

Although for convenience the parameter c was described 
as measuring the effectivity of the end segments, the form 
of eq 10 allows a more general interpretation. This arises 
because the number of end segments concerned is in a 
one-to-one correspondence to the number of side branches. 
Accordingly, c could model any kind of energy contribution 
proportional to the number of side branches. Such a 
contribution would in any case rapidly converge as the side 
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